We study the Electroweak symmetry breaking mechanism with extra Electroweak symmetry breaking contributions (eEWSB) that are bounded by the Fermi constant and limits from the related collider searches. The eEWSB is helpful to build a different zero temperature vacuum structure from the Standard Model (SM), and therefore leads to different Electroweak phase transition patterns at the early Universe. We investigate the collider search prospects and gravitational waves (GW) predictions from the strongly firstly order phase transition (SFOEWPT) in this scenario. The Higgs pair searches at lepton colliders are found to be complementary with the GW searches of the SFOEWPT parameter spaces. *
I. INTRODUCTION
The observation of the SM Higgs at 126 GeV at LHC [1, 2] is a milestone of the particle physics, which means that the W and Z boson obtain their masses through the Electroweak symmetry breaking (EWSB) mechanism. The cubic and quartic Higgs couplings are supposed to be crucial to reveal the Higgs potential shape and the EWSB mechanism. The sensitivity of measurement of these couplings at LHC is pretty low, while future precision measurements are able to tell if there are new physics beyond the Standard Model (SM) that could drive deviation of the EWSB and how large the deviation could be. The observation of gravitational waves from the Binary Black hole merger by the LIGO and Virgo collaborations [3] opens a new era to search for fundamental physics. An important category of gravitational waves is a stochastic background [4] originated from the earth Universe. One important source of this kind is a strongly first order Electroweak phase transition (SFOEWPT), which gives a dynamical explanation of the EWSB as the Universe cools down, and is a crucial ingredient in the explanation of the baryon asymmetry of the Universe within the Electroweak baryogenesis mechanism. 1 New physics that takes part in the Electroweak phase transition process may or may not contribute an extra component of EWSB contribution. For example, the SM plus real singlet model (xSM) has been extensively studied where the singlet scalar do not contribute any EWSB contribution(see Ref. [7] for a recent study). Meanwhile, the triplets in the Georgi-Machacek (GM) model, as will be studied in this work, can indeed contribute to the EWSB. Though both of the two models share the same vacuum structure topology, the triplets contribution to the EWSB, i.e. the extra EWSB contribution, is bounded by the Fermi constant and gauge boson related collider searches. Therefore, one can expect different collider phenomenology, different SFOEWPT behavior and thus different gravitational wave signal predictions for different amount of the extra EWSB contributions.
The zero temperature vacuum structure with extra local minimum in addition to the Electroweak vacuum could yield the possibility of multi-step phase transition as well as one-step phase transition. In Ref. [8, 9] , the relation between the zero temperature potential difference and the SFOEWPT condition has been studied within the 2HDM. For previous studies of multi-step phase transition and related vacuum structure at zero temperature, we refer to Ref. [7, [10] [11] [12] [13] [14] [15] [16] [17] . In this work, we use the Georgi-Machacek model to reveal that, the extra EWSB contribution can induce one-step or two-step SFOEWPT depending on the vacuum structure that has been studied previously by us in Ref [18] . The one-step SFOEWPT occurs with the symmetry change from SU(2) L × SU(2) R to the phase where Electroweak symmetry is broken. The two-step SFOEWPT occurs with the first-step being the symmetry change of SU(2) L × SU(2) R → SU(2) V , and the following second step being the dynamical broken of the Electroweak symmetry. In this work we improved the algorithm for the calculation of the critical order parameters of the phase transition. We further evaluate the gravitational wave signals being generated during the SFOEWPT. In comparison with the one-step situation, the gravitational wave signal spectrum generated from two-step SFOEWPT is found much easier to be probed by the projected space-based interferometers, such as: LISA [19] , BBO, DECIGO (Ultimate-DECIGO) [20] , TianQin [21] and Taiji [22] programs. This is significantly different from the xSM case as was studied in Ref. [7] , where the vacuum expectation value (VEV) of the extra singlet is more free from the limits of the collider searches.
This work is organized as follows: The vacuum structure analysis and the phase transition calculation approach are given in Section II. In Section III, we show the relation between the phase transition and the collider phenomenology, and demonstrate how these two interplay on the extra EWSB contributions. The gravitational wave signal predictions from the one-step and twostep SFOEWPT are investigated in Section IV. The collider search prospects for the SFOEWPT valid regions are addressed in Section V. We finally conclude with Section VI. Some details about the model are listed in Appendix.
II. THE EWPT DYNAMICS AND METHODOLOGY
In this section, we first develop the methods for vacuum structure analysis and phase transition critical order parameter analysis, which can be applied to phase transition analysis of any multiscalar models, such as xSM, 2HDM, 2HDM+S, NMSSM, etc. In the GM model, at the critical temperature, the strongly first order phase transition condition could be fulfilled when v c /T c ≡ h φ (T C ) 2 + 8h ξ (T C ) 2 /T C ≥ 1 [18, 23] . For the vacuum structure studies, we impose h χ = √ 2h ξ as required by the custodial symmetry, which ensures ρ = 1 at leading order. The general vacuum structure determined by the above potential is shown in Fig. 1 , where A is the (h φ , h ξ ) = (0, 0) vacuum, B is the desired EW vacuum, C 1,2 are the alternative vacuums with h φ = 0 (the SU(2) V vacuum). In this paper we consider the case where there are two possible C points in GM model which can be expressed as below, C 1(2) point : h φ → 0 , h ξ → −3µ 2 ± −12m 2 2 λ 2 − 4m 2 2 λ 3 + 9µ 2 2 4(3λ 2 + λ 3 ) .
The scalar potential at the EW vacuum (B) should be the global minimum one and the value of the scalar potential at the original point is the maximal one of these three. The scalar potential at these three different vacuum points, V 0 (A), V 0 (B), V 0 (C 1 (2) 
where F = ν 2 φ (3λ 2 + λ 3 )(4ν ξ (2λ 4 + λ 5 ) + µ 1 ) ν ξ + (4ν ξ (3λ 2 + λ 3 ) + 3µ 2 ) 
The one-step phase transition would take place when V 0 (A) > V 0 (B) (∆V 0 (AB) > 0) and −12m 2 2 λ 2 − 4m 2 2 λ 3 + 9µ 2 2 < 0. Meanwhile, the two-step phase transition might happen when −12m 2 2 λ 2 −4m 2 2 λ 3 +9µ 2 2 ≥ 0 and V 0 (A) > V 0 (C 1(2) ) > V 0 (B) (with ∆V 0 (AC 1(2) ) > 0, ∆V 0 (C 1(2) B) > 0). The potential differences are given as
The ∆V 0 (C 1 C 2 ) determines the detailed phase transition patterns in the two-step phase transition scenario, as will be explored latter.
B. Phase transition dynamics
With the zero temperature scalar potential at hand, the phase transition dynamics can be estimated with the finite temperature potential using the gauge invariant approach [24] ,
with V 0 being given in Eq. (1), and the finite temperature corrections being 4 3 , For the safety of custodial symmetry, we assume h χ = √ 2h ξ for phase transition studies. In the one-step phase transition situation, the phase transition occurs through the path of A → B directly with h B φ ,ξ locating around v φ ,ξ at finite temperature T C . The phase transition may occur after the temperature drops bellow the T C . In Fig. 2 , we illustrate the one-step phase transition process as the temperature drops. The global minimum of the finite temperature potential V T changes from the A to the B, through which one obtains the EW symmetry breaking minimum.
As for the two-step phase transition scenario, the condition for the first step of the two-step phase transition (A point → C point) can be written as:
The critical parameters h 1C ξ and T 1C are calculated as,
For the second-step of the two-step phase transition to occur, the following degeneracy conditions at the critical temperature are necessary,
through which the critical temperature and critical field value can be obtained. For the two-step case, using the determinant of the Hessian matrix (at both the zero temperature and the finite temperature) to ensure the two degenerate vacua occur, the following conditions need to be satisfied:
Here, at finite temperature T 2C , the h B φ ,ξ locates around v φ ,ξ , and the h 2C ξ locates around h ξ C 1 ( 2 ) as given in Eq. (2) . That the temperature of the first step phase transition is higher than the second one, i.e., T 1C > T 2C , is also used to select the SFOEWPT points for the two step phase transition scenario.
At zero temperature, the C 1,2 can be a local minimum or saddle point with the global vacuum being located at B. We show in Fig. 3 how the phase transitions occur as the temperature drops in two-step case. During these two-step phase transition processes, the global vacuum of the finite temperature potential V T changes from the A to the C 1,2 at the first-step after T < T 1C . Then, the phase changes from the vacuum locating around C 1,2 to the one around B, i.e., the EW symmetry breaking vacuum, after T < T 2C .
The above procedure is firstly used to obtain the critical phase transition order parameters and the rough phase transition pattern (either one-step or two-step). Subsequently, we use CosmoTransitons [25] to obtain the phase transition order parameters at the bubble nucleation temperature, which might be slightly different with the patterns from the above approach. This is mainly due to the reason that in some cases, although we can obtain the phase transition with the above approach, the improper barrier between the two minima at the bubble nucleation temperature couldn't fulfill the condition of bubble nucleation, see Eq. (36) . This is especially important for the two-step cases where the pattern would be changed from A → C 1,2 → B to A → B. Hence, when we present the results, the term "two-step" refers to the points obtained by the above approach, and the terms "bubble one-step" and "bubble two-step" refer to the points that can trigger one-step bubble nucleation and two-step bubble nucleation respectively after we check the bubble nucleation using CosmoTransitions. 
III. THE SFOEWPT AND HIGGS PHENOMENOLOGY
The vacuum structure at zero temperature, such as the potential barrier, is crucial for both onestep and two-step SFOEWPT. The desired vacuum structure for the SFOEWPT reveals the Higgs potential shape with triple and quartic Higgs couplings deviations from the SM case. The typical vacuum structure for one-step and two-step SFOEWPT being explored in the last section can have distinct Higgs phenomenological predictions.
In the GM model, both the two extra triplets contribute to the EWSB and the gauge bosons get masses also from the triplet VEV, v ξ ,χ . The Electroweak charge of the triplets leads to the HVV couplings deviating from the singlet case by one extra factor sin θ H , which parameterizes the contribution of the v ξ ,χ to the Higgs VEV, sin [26] . For the GM model, due to the isospin triplet contribute to the EWSB, the phase transition strength is defined as [18] ,
at the critical temperature where phase transition occurs. Since we are working in the scenario where the zero temperature vacuum structure is crucial for the SFOEWPT, the θ H (T ) here would be highly related with the θ H (see our previous studies in Ref [18] for detail). As will be explored latter, one can expect that the one-step and two-step SFOEWPT valid regions are highly restricted by collider searches.
To study the collider phenomenology of new physics models, one needs to work in the physical basis. In terms of physical field basis after taking into account of the rotation matrix (with the angle α) among classical fields and Higgs fields h, H, the interaction strength between the SMlike Higgs and SM particles are:
Currently, the angle θ H is severely bounded by the same-sign WW boson channel search at 13 TeV LHC [27] . Future hadron and lepton colliders would further restrict the magnitude of α and θ H , which means that the possibility to reach SFOEWPT would be bounded to the parameter spaces with small sin θ H and small α. For the case of small θ H limit where the EWSB contribution from the triplet is negligible, one will also have
This means, for a small θ H one usually have a small α, and the sign of α is determined by the coupling combinations of 8 √ 3λ 1 − 2 √ 3λ 4 − √ 3λ 5 and µ 1 . In the scenario with small α and small θ H , the g h ff ,hVV close to the SM case, g H ff ,HVV are suppressed.
The scalar potential of Eq. (1) in the Higgs basis of h and H can be written as,
for the GM model. In the small α limit, the potential V GM phy reduces to
After EWSB, h and H get VEVs,
with v = v SM ≡ 246 GeV, and
Suppose h is the SM-like Higgs, one has both the Higgs cubic and quartic couplings being modified comparing with the SM case. This can be parameterized as:
The cubic Higgs couplings are crucial for the vacuum structure and therefore the phase transition dynamics, as well as the Higgs pair production at hadron and lepton colliders. Consequently, the Higgs pair searches could be powerful to probe the parameter space of the SFOEWPT. In the small α (θ H ) limit, we have
δ κ
As a comparison, we also list the case for xSM model which has no extra EWSB contribution. In xSM case, we also define a mixing angle α between the SM Higgs (h) and extra scalar (s). At the zero temperature, it is defined as [28] sin 2α
with v h = 246 GeV. For −1 ≤ sin 2α ≤ 1, which sets a bound on the VEV fraction of the SM Higgs (h), The phase transition occurs in the subspace of the two scalar fields, with the phase transition strength being
The sphaleron process is quenched when v h (T )/T > 1 at the critical temperature. Different from the GM model, the singlet VEV (v s ) does not contribute to the mass of gauge boson due to the Electroweak charge of the singlet, hence it does not contribute to the phase transition strength. The collider search of the Higgs phenomenology is performed in the basis of the SM Higgs and one extra heavy Higgs. The current LHC Higgs data and theoretical constraints require small α which parameterizes the mixing between the SM-like Higgs and the extra CP-even heavy Higgs. In this model, all the couplings are rescaled by α based on the SM as: g hxx = cos αg SM hxx , g Hxx = − sin αg SM hxx . Therefore, no direct bound on the angle θ (T = 0) from the Higgs data since the parameter does not enter Higgs couplings. The VEV of the extra scalar (v s ) would be more free than that in GM model. For the xSM model, the potential in the basis of Higgs fields is given by, Going to the alignment case, one have,
After EWSB, one have for the two physical fields h and H:
In the xSM, the deviation of the cubic and quartic couplings for small α are given by [29] :
Due to the extra EWSB contribution, in the GM model, one has an additional angle θ H to parameterize the Higgs couplings. Therefore one has the different distributions of SFOEWPT points in the v ξ -α plane, which builds the bridge between the SFOEWPT and the Higgs phenomenology. Fig. 4 shows the one-step (red) and two-step (blue) SFOEWPT valid points in the xSM (left) and GM (right) model. For the xSM case, the one-step (two-step) SFOEWPT points concentrate in the small (large) v s regions. While in the GM model, the v ξ is much smaller than the v s in xSM and the possibility to reach a SFOEWPT drops with the decrease of the v ξ and | sin α|.
FIG. 6. The ratio of λ GM
hhh /λ SM hhh (left panels) and λ GM Hhh /λ SM hhh (right panels) in sin α-sin θ H plane for both one-step points (upper panels) and two-step points (lower panels) in low mass benchmark.
In the parameter spaces which allow the SFOEWPT, one has the deviations of the cubic and quartic Higgs couplings, which characterize the Higgs potential shape that are crucial for the realization of the EWSB mechanism. We investigate more details in two particular benchmarks of the GM model: the H5plane which is developed by the LHC Higgs Cross Section Working Group for fiveplet searches [30] and the low mass benchmark studied in [31] for lower mass region. Both benchmark scenarios will lead to interesting searches at the collider.
Our previous study in [18] shows that, only one-step SFOEWPT is valid in H5plane, while the low mass benchmark can provide both one-step and two-step SFOEWPT. After considering the current LHC search bounds, especially the same-sign W search from CMS [27] , we show the triple scalar couplings in Fig. 5 and Fig. 6 for H5plane and low mass benchmark respectively. In H5plane, Fig. 5 shows that a larger deviation of the triple Higgs coupling λ GM hhh from the SM one occurs with a higher magnitude of |α| and a larger θ H . While the λ GM Hhh is highly enhanced with an extra sign compared with g SM hhh which can result in destructive interference for Higgs pair production at the collider.
In low mass benchmark, one has smaller sin θ H and m h 5 in comparison with the H5plane scenario. The CMS same-sign W search severely bounds the sin θ H and thus the mixing angle α. Therefore one can expect the triple Higgs coupling and the quartic Higgs couplings are all restricted. In Fig. 6 , we show the triple Higgs couplings in sin α-sin θ H plane for both one (upper panels) and two-step (lower panels) SFOEWPT. The SFOEWPT viable points in low mass benchmark locate in smaller value of θ H and α. Thus we have lower enhancement in λ GM hhh than that in H5plane. Meanwhile, the λ GM Hhh is also much more smaller than that in H5plane. These will result in different gravitational wave production and collider phenomenology as we will study in the following.
A SFOEWPT can also be reached with the help of the dimensional six operator (H † H) 3 [32, 33] or new physics that can contribute to such operator. The collider couldn't tell the detailed potential shape (i.e., the tree level potential barrier ) that drives the phase transition. In this case, the gravitational wave search for the signal generated by the SFOEWPT would be complementary, since it captures the tunneling process manifested in terms of the vacuum bubble nucleations [7] .
IV. GRAVITATIONAL WAVE SEARCHES
When the temperature of the Universe further cools down after the critical temperature T C (where one has the degeneracy of the true and the false vacuum), one may have vacuum bubble nucleations, expansions and collisions, and therefore generate GW signals from the SFOEWPT process.
The bounce configuration of the nucleation bubble (the bounce configuration of the multi-fields that connects the EW broken vacuum (h-vacuum, the true vacuum locate around B point) and the false vacuum (the vacuum locate around A or C points)) can be obtained by extremizing
through solving the equation of motion for φ b (it is h and h ξ for two-step scenarios),
with the boundary conditions of
The phase transition completes at the nucleation temperature when the thermal tunnelling probability for bubble nucleation per horizon volume and per horizon time is of order unity [34] [35] [36] :
One of the crucial parameter for the gravitational wave is α, which is the energy budget of SFOEWPT normalized by the radiative energy, defined as
FIG. 7. The scanned results in α-β /H n (left), α-v n /T n (middle) and λ GM hhh /λ SM hhh -v n /T n (right) planes for H5plane where we have only one-step (red) points.
where the radiation energy of the bath or the plasma background ρ R is given by
The parameter ∆ρ is the latent heat (vacuum energy density or energy budget of SFOEWPT) from the phase transition to the energy density of the radiation bath or the plasma background. This is given by the difference of the energy density between the false (here it is φ vacuum, ρ(φ n , T )) and the true vacuum (the h-vacuum or EW broken vacuum, ρ(v n , T )),
Another crucial parameter β characterizes the inverse time duration of the SFOEWPT and thus the GW spectrum peak frequency is defined as
with H n being the Hubble constant at the bubble nucleation temperature T n . Considering all the constraints from the LHC, especially the same-sign W bounds from CMS [27] , we show the results in Fig. 7 and Fig. 8 for H5plane and low mass benchmark respectively, where the red points represent the one-step scenario and the blue points represent the two-step case. As mentioned before, we separate the two-step points into two groups according to the scan results from CosmoTransition. The dark blue circle points represent the case where we have two-step bubble nucleation ("bubble two-step"), while the light blue triangle points are those we have only one bubble nucleation ("bubble one-step").
In either H5plane or low mass benchmark (one-step and two-step), the β /H n decreases with the increase of α. While α is also found to be proportional to the phase transition strength v n /T n , FIG. 8 . The scanned results in α-β /H n (left), α-v n /T n (middle) and λ GM hhh /λ SM hhh -v n /T n (right) planes for low mass benchmark where we have both one-step (red) and two-step (blue) points. Among the blue points, the circle points represent the case where we can have two-step bubble nucleation ("bubble two-step"), while the triangle points are those where we have only one bubble nucleation ("bubble one-step").
larger value of α is obtained at larger value of v n /T n which results in a relatively larger energy density of the gravitational wave spectrum. As a comparison, beside that the triple/quartic scalar coupling is smaller in the low mass benchmark, the low mass benchmark also provides lower β /H n in the similar range of α than that in H5plane, which is necessary to produce detectable gravitational wave. In low mass benchmark where we have both one-step and two-step scenarios, two-step SFOEWPT will have relatively smaller β /H n and larger v n /T n for the same α than onestep scenario.
Here the most stringent constraint comes from the CMS same-sign diboson search [27] which, however, doesn't extend to mass (m 5 ) below 200 GeV. This is not relevant for H5plane, since all those points in Fig. 7 have m 5 > 200 GeV. However, in low mass benchmark, we can clearly see two parts of points for one-step scenario in Fig. 8 2 . Those with lower β /H n or larger v n /T n , hence resulting in more detectable GW signal, are the points having mass below 200 GeV, which require more dedicated searches at collider. The triple Higgs couplings are also shown with respect to the SM scenario. The triple Higgs coupling is proportional to phase transition strength v n /T n for one-step points in both H5plane and low mass benchmark, while there is no clear relation for the two-step points in low mass benchmark.
At last, we comment on the situation in xSM. In Fig. 9 , we show the relation among β /H n , α, v n /T n and triple scalar couplings in xSM 3 . Since the singlet VEV v s has no restrictions in general in xSM, the magnitude of β /H n (v n /T n and α) is relatively much lower (larger) than that in GM model, which results in more detectable GW signal, while the triple scalar couplings has similar enhancement as in GM model.
FIG. 9. SFOEWPT valid points in
for xSM. Red and blue points represent one and two-step scenario respectively. In Fig. 10 , we show the two crucial parameters for the GW signals. The left panel indicates the scenario with EWSB contribution. Due to the extra EWSB contribution is subject to severely bounds from the LHC, the extra VEV is small. Which limit the vacuum structure that is important for the phase transition, and thus the first step phase transition can be weakly first order and the GW signal being generated are negligible (with a small α and large β /H n ), the GW signals in this case mostly dominated by the second-step SFOEWPT which characterize the dynamical EWSB. The right panel is shown here for comparison, one may find that the α and β /H n of the first-step phase transition is mostly smaller than the second-step, which imply a GW signal mostly come from the first-step which does not characterize any symmetry breaking, see Ref. [29] for details.
There are mainly two sources for GW production during the EWPT: the sound waves in the plasma [37, 38] and the magnetohydrodynamic turbulence (MHD) [37, 38] while the contribution from bubble wall collisions [39] [40] [41] [42] [43] [44] are now generally believed to be negligible [45] . The energy density spectrum from the sound waves can be well expressed by [38] 
. (42) where H * is the Hubble parameter at the temperature T * , at the time when the EWPT finishes; v w is the bubble wall velocity; α is the energy released from the EWPT normalized by the total radiation energy density at T * as mentioned above; g * is the corresponding relativistic degrees of freedom making up the radiation energy density; β characterizes roughly the inverse time duration of the EWPT. Practically, T * is very close to T n and we use T n in the following calculations. Moreover κ v is the fraction of released energy going to the kinetic energy of the plasma, which can be calculated given v w 4 and α [47] . Finally f sw is the peak frequency of above energy density spectrum:
Hz,
A small fraction of the energy goes to the MHD, whose contribution to the energy density spectrum can also be expressed as [48, 49 ]
where κ turb is the fraction of energy going to the MHD and following previous analyses, we take here κ turb ≈ 0.1κ v . Similar to f sw , f turb is the peak frequency for the spectrum from MHD:
Hz.
In Fig. 11 , we show the GW signal spectrum predicted in H5plane (left) and low mass benchmark (right) after considering the same-sign diboson bounds from CMS for several representative points taken from the tail of Fig. 7 and Fig. 8 (which are the most promising points for GW detection). In comparison with the H5plane, the GW signals from the SFOEWPT points of low mass benchmark can be more easy to be probed with a lower frequency.
With the GW spectrum obtained for each set of parameters input, the GW signals can be searched for using the cross correlation between the outputs of a pair of detectors. The detectability of the signals is quantifized by the signal-to-noise ratio(SNR) [50] :
where T is the mission duration and Ω exp is the power spectral density of a given detector. 
V. COLLIDER SEARCHES
From previous studies (e.g. Fig. 9 of Ref. [18] ), we find that one-step and two-step phase transition would happen in different parameter space. In the low mass benchmark, current constraints from same-sign diboson searches already separated the one-step and two-step phase transition into two almost non-overlapping parts with two-step points prefering lower mass while one-step with higher mass. Further, the phase transition strength has a correlation with the triple Higgs coupling in the one-step case, while it is not necessary in the two-step case to have larger triple Higgs coupling to trigger the SFOEWPT.
On the other hand, the collider searches of the Higgs potential also concentrate on the triple Higgs couplings search: Higgs pairs search at hadron collider (LHC, HL-LHC, SppC, FCChh,etc.), Zhh production at lepton colliders (ILC, CEPC, FCC-ee, etc.). Further, the quartic Higgs coupling also enters Higgs pair production through either two-loop [51] or one-loop [52] contributions for hadron and lepton collider respectively. Hence the Higgs pair production searches will be nice places to further search these two cases at either the LHC or future lepton colliders.
The leading order contributions for Higgs pair production come from the one-loop diagrams shown in Fig. 12 and "bubble two-step" (dark blue circle).
pends on the triple scalar coupling λ hhh . While the resonant production involve the production of extra scalar and subsequent decays into Higgs pair which depends on the triple scalar coupling λ Hhh . The differential cross section for the Higgs pair production have been carried out previously [53, 54] . The calculations have been implemented into MadGraph for several different cases [55] . For the GM model, we use the NLO UFO model files [56] implemented with FeynRules [57, 58] with MadGraph [59] to directly calculate the cross section for relevant processes. The required parameter cards are generated using GMCalc 1.4.1 [60] . Relevant work can also be found in [61] .
The Higgs pair production cross section in the GM model are shown in the upper-left panels of Fig. 13 for H5plane and low mass benchmark. All points shown in these plots have passed the CMS same-sign diboson searches [18, 27] . For H5plane, only one-step phase transition exist (dark red points), while both one-step (red points) and two-step (blue points) phase transition can happen for low mass benchmark. For the two-step points (blue points) in low mass benchmark, we also separate them into two categories: "bubble one-step" and "bubble two-step", the same as those in Fig. 8 . In either case, current Higgs pair searches do not have sufficient sensitivity to probe the phase transition viable parameter space. However, with accumulated data from HL-LHC, it is possible to cover most points in H5plane. While, points in low mass benchmark are still beyond the Higgs pair production measurements. This can be understood from Fig. 14 in which we show the same points in λ Hhh -BR(H → hh) plane for H5plane (left panel) and low mass benchmark (right panel). It is clear that in H5plane, which only has viable one-step points, the triple scalar coupling λ Hhh is much larger than those in low mass benchmark. Hence, the branching of H → hh will be larger in H5plane. On the other hand, the κ H f ≡
, which contributes to the gluon-gluon fusion cross section, is also larger in H5plane than that in low mass benchmark. As a consequence, the cross section of the resonance Higgs pair production is larger in H5plane.
Beside the Higgs pair measurement, the diboson resonance searches will also have the sensitivity to probe the phase transition viable parameter space. Hence, in both H5plane as well as low mass benchmark, we check the resonance diboson cross section through either H (gluon-gluon Fusion and VBF) or H 5 (VBF) against the experimental limits. The results are shown in the other three panels in Fig. 13 . From these plots, we find that, H5plane can be fully covered by the diboson searches from H 5 (VBF) and H (ggF) resonance production. While, low mass benchmark can still escape the searches. However, due to the large κ H V compared with κ H f , the VBF production of H is not highly suppressed, extending the relevant searches into lower mass region (below 500 GeV) will tremendously improve the sensitivity for such case. There are also proposals focusing on the electron colliders aiming at the Higgs properties measurements. These lepton colliders also provide another opportunity to search the Higgs pair production [62] . Hence, we also investigate the sensitivity of the Higgs pair production at the lepton collider associated with Z-boson for H5plane and low mass benchmark. The corresponding processes are shown in Fig. 15 . The cross sections are calculated using MadGraph and the same model files as mentioned above. The SM cross section of such process peaks around √ s = 500 GeV. To maximize the possible sensitivity, we thus focus on the 500 GeV scenario of the lepton collider.
The unpolarized total cross sections are shown in Fig. 16 for H5plane (left panel) and low mass benchmark (right panel). The enhancement factor κ = σ GM σ SM is also indicated in the secondary yaxis in the right-hand side of each plot. We find that in H5plane, the cross section has a moderate enhancement with κ ∼ 2 for the entire viable points. However, in low mass benchmark, κ spans a large range, and can even reach about 30 for mass around 300 GeV. For H5plane, the moderate enhancement mainly comes from the large λ hhh , as the collision energy is not enough for the resonance production through either H or H 3 . While, in the low mass benchmark, these masses are within the reach of the collision energy, the resonance production of H and/or H 3 induce the huge enhancement. Fig. 17 shows the ratio between H and H 3 induced the cross section with respect to the total cross section in low mass benchmark for both one-step (left) and two-step (right) cases. It is clear that the enhancement in the total cross section mainly comes from H 3 resonance in low mass benchmark. When the collision energy raise to even higher value, it is also possible, in H5plane, to enhance the Higgs pair production through H 3 and/or H resonance. With the high precision that we can achieve for the cross section measurement at the ILC/CEPC, these machines will have sensitivity for these SFOEWPT viable points.
To give a more concrete sensitive study of such channel, the polarized cross sections are also calculated for P(e − , e + ) = (−80%, 30%) and P(e − , e + ) = (80%, −30%). We combine the sensitivities from bbbb and bbWW channels of this process from [63, 64] to obtain the constraints in the σ RL -σ LR plane which is shown in Fig. 18 . From this plot, we find that the almost all the SFOEWPT viable points in H5plane can be excluded by this measurement. In the low mass benchmark, most points can also be excluded. However, we still have both one-step and two-step SFOEWPT viable points that are beyond the sensitivity in low mass benchmark. Some other channels are also possible as a complimentary to the GW signal, especially for lower mass region. In [31] , authors studied the sensitivities from the loop-induced channel W γ from fermiophobic scalar which is specific for low mass benchmark. On the other hand, the diphoton searches [65, 66] are also promising. However, after re-interpret the bounds from [31] in our case, we found that they are not yet sensitive to reach the SFOEWPT viable points. Further improvement and detailed studies are needed for these searches. In xSM, the high mass region of the extra Higgs is not going to be covered by Higgs pair production searches at the future HL-LHC, and a lot parameter spaces there are not going to be probed by the diboson searches due to the small mixing angle of the SM Higgs and the heavy extra Higgs suppress effect. These regions can be complementary searched by the gravitational wave space-based detectors [29] . At the ILC, the Higgs pair search results are shown in Fig. 19 , where the cross sections are obtained using the same method as in GM model. We find that in xSM model, the cross sections (unpolarized or polarized) has moderate enhancement. From the prospects of the future cross section measurement, we could exclude most one-step as well as two-step points in xSM.
In Fig. 20 , we show the future hadron and lepton colliders sensitivity to the parameter spaces of one-step and two-step SFOEWPT for H5plane and low mass benchmark from the Higgs signal strength measurement, the conventions are the same as those in Fig. 8 . Here, all the curves are obtained by fitting the SM-like Higgs signal strength measurement from each experiments prospects (LHC [67] [68] [69] [70] [71] [72] [73] [74] , CEPC [75] , ILC [76] and FCC-ee [77, 78] ). From Fig. 20 , we find that, most one-step points in both H5plane and low mass benchmark can be excluded by the Higgs signal strength measurements. While we still have a bunch of points for the two-step case locating around the alignment limit and escaping the signal strength measurements. The stochastic GWs can be detected by finding the cross correlation of two independent interferometers (SNR) [50] , we calculate the quantity for LISA and the SNR > 10 points mostly concentrate in the region of a large v ξ of the low mass benchmark. We finally present the future colliders sensitivities in the SFOEWPT parameter spaces, with an conservative consideration where only the deviation of the SM couplings are included. We first show in Fig. 21 the measurements of the two couplings (λ hhh and λ hhhh ) at future e + e − colliders and the HL-LHC. Ref. [79] provides the 68%CL and 95%CL results (the inner and outer horizontal bar regions) of the future e + e − colliders and HL-LHC measurements, though which only include the cubic coupling in their analysis based on effective field theory approach. Another future ILC measurements precision (brown and blue lines) are adopted from Ref. [52] , where the analysis are also based on effective field theory approach, and therefore we expect the UV model search would provide much batter prediction. For the situation with additional EWSB contributions, i.e., the GM model, we expect the future lepton hadron collider be more powerful, since the phase transition possibility would be highly restricted by collider searches, especially the diboson search.
VI. CONCLUSIONS
Utilizing the Georgi-Machacek (GM) model, we simultaneously study Higgs phenomenology and the Electroweak phase transition for the scenario with the eEWSB contribution. The eEWSB is found to be helpful to realize different vacuum structure from the SM as the Universe cools down, and therefore leads to different strongly first order Electroweak phase transition patterns. We explore two benchmarks of the Georgi-Machacek (GM) to demonstrate the point. For both the one-step and the two-step SFOEWPT, we performed the study of the gravitational wave searches and the Higgs pair searches of the cubic Higgs couplings at hadronic and leptonic colliders. For comparison, we present the xSM model to show the situation without eEWSB. We found that: 1) most of the SFOEWPT parameter spaces is able to be covered by the future lepton colliders; 2) 
where ν φ , ν χ and ν ξ are the VEVs of φ 0 , χ 0 and ξ 0 , respectively. With only neutral components of this model, the potential reads: We can derive the EWSB vacuum through the minimization conditions: Here, the Λ indicates the scale where the heavy particles are integrated out. The minimization conditions lead to the following relations,
In this scenario, the requirement that the EW minimum being the global minimum leads to
The cubic and quartic Higgs couplings are modified by the dimension-6 operator as 
The phase transition dynamics are estimated after taking into account the thermal correction of c h , as in Ref. [33] . As studied in Ref. [32, 33] , to obtain a SFOEWPT with the h 6 operators additional to the SM, the additional contribution to the quartic Higgs coupling λ should be compensate it's negative value and therefor to ensure the possibility of the SFOEWPT. Suppose the extra Higgs is much heavy than the SM Higgs, the (H † H) 3 operator can be obtained after integrated out heavy Higgs in Fig. 22 . For the GM model, the relevant interactions are given by, 
As studied in Ref. [81] , the additional contribution to the h 4 can be reached, which captures the residual effects of the high dimension operators.
Up to now, we have calculated the high dimensional operators for the Higgs field by virtue of the method of CDE to match the UV models to the SMEFT [82] . These high dimensional operators, especially the (H † H) 3, 4 are usually adopted to study phase transition in literatures. However, according to Fig. 23 which shows the distributions of m 2 1 and m 2 2 in both H5plane and low mass benchmark, the EFT approach does not apply for the GM model under study, especially the two-step case, as the basic assumption to integrate out the heavy degree of freedom is not fulfilled. The corresponding cases in xSM are also demonstrated in Fig. 24 .
The light degree freedom fields are usually necessary for the multi-step phase transition, see Ref. [7, 10, [13] [14] [15] 17] . In this situation, one could not employ the the effective field theory (EFT) approach explored in literatures (e.g., [32, 33] ) to study the phase transition. Even for the one-step phase transition, there are also some mismatch between the EFT approach and the UV complete model studies, especially for the scenario where not so small mixing among the SM Higgs and extra Higgs are present, see the study of Ref. [83] for the "xSM" studies. We left the detailed survey on the match for the phase transition dynamics between UV complete models and EFT approach to further studies. Indeed, the EFT approach for integrated out heavy degree freedoms valid for negligible mixing situations. 
